In this paper, two transformations are introduced to solve the double sine-Gordon equation by using knowledge of the elliptic equation and Jacobian elliptic functions. It is shown that different transformations can be applied to obtain more kinds of solutions to the double sine-Gordon equation. PACS: 03.65.Ge
Introduction
Sine-Gordon-type equations, including the single sine-Gordon (SSG) equation
the double sine-Gordon (DSG) equation
and the triple sine-Gordon (TSG) equation
are widely applied in physics and engineering. For example, the DSG equation is a frequent object of study in numerous physical applications, such as Josephson arrays, ferromagnetic materials, charge density waves, smectic liquid crystal dynamics [1 -5] . Actually, the SSG equation and the DSG equation also arise in nonlinear optics, 3 He spin waves and other fields. In a resonant fivefold degenerate medium, the propagation and creation of ultra-short optical pulses, the SSG and the DSG models are usually used. However, in some cases, one has to consider other sine-Gordon equations. For instance, the TSG equation is used to describe the propagation of strictly resonant sharp line optical pulses [6] . Due to the wide applications of sine-Gordontype equations, many solutions to them in different functional forms, such as tan −1 cothξ , tan −1 tanh ξ , 0932-0784 / 05 / 0500-0301 $ 06.00 c 2005 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com tan −1 sech ξ , tan −1 sn ξ , have been obtained by different methods [7 -12] . Due to the special forms of sineGordon-type equations, it is rather difficult to solve them directly, so there is need for some appropriate transformations. In this paper, based on the introduced transformations, we will show systematical results about solutions for the DSG equation (2) by using knowledge of elliptic equation and Jacobian elliptic functions [13 -19] .
The First Kind of Transformation and Solutions to the DSG Equation
In order to solve sine-Gordon-type equations, certain transformations must be introduced. For example, the transformation
has been introduced in [7, 9] to solve the DSG equation. When the transformation (4) is considered, we have
and
Combining (5) and (6) with (2), the DSG equation can be rewritten as
which can be solved in the frame
where k and c are wave number and wave speed, respectively. Substituting (8) into (7), we have
with
And then we suppose (9) has the following solution
where y satisfies the elliptic equation [13 -17, 20 ]
with y = dy dξ , then
The n in (11) can be determined by the partial balance between the highest order derivative terms and the highest degree nonlinear term in (9) . Here we know that the degree of v is
and from (12) and (13) , one has
and actually one has
So one has
For the DSG equation (2), we have n = 1, so the ansatz solution of (9) can be rewritten as
Substituting (18) into (9) results in an algebraic equation for y, which can be used to determine expansion coefficients in (18) and some constraints can also be obtained. Here we have
From (19b) and (19c), the constraints can be determined as
It is worth noting that if a 0 = 0, then we have
with the constraint
Considering the constraints (20) and (22) or (23) and (24), the solutions to the elliptic equation (12) can be used to derive the final results. Here some cases can be obtained.
with constraint
where k is an arbitrary constant. So the solution to the DSG equation (2) is
Case 5.
where k is an arbitrary constant. So the solution to the DSG equation (2) is 
where k is an arbitrary constant, and cnξ is the Jacobian elliptic cosine function [20 -23] . So the solution to the DSG equation (2) is
where k is an arbitrary constant, and snξ is the Jacobian elliptic sine function and dnξ is the Jacobian elliptic function of the third kind [20 -23] . So the solution to the DSG equation (2) is
, then
where k is an arbitrary constant. So the solution to the DSG equation (2) is 4 , then
Remark 1. The solutions u 18 to u 22 in terms of rational functions of elliptic functions have not been reported in the literature, they are new solutions to the DSG equation (2).
Remark 2.
The solutions from u 6 to u 22 in terms of Jacobian elliptic functions have not been given in [11] .
Remark 3. In [10] , Peng solved the DSG equation in form of
and obtained some solutions in terms of Jacobian elliptic functions. He pointed out he can obtain solutions to the DSG equation (2) with α = 1 when λ = 0. However, his conclusion is wrong, for the coefficients of solutions obtained in terms of sn ((40) in [10] ), dn ((46) in [10] ), ns ((51) in [10] ) and dc ((52) in [10] ) are imaginary, whereas they should be real. For example, from the constraint (41) in [10] (
i. e.
Substituting (94) into solution (40) in [10] u = 2arctan ± −(1 + m 2 )kω + 2λ + 1 2kω
we can show that the coefficient
So the solutions given by Peng in terms of sn ((40) in [10] ), dn ((46) in [10] ), ns ((51) in [10] ) and dc ((52) in [10] ) are not real solutions. This is contrary to the origin of the DSG equation (2). Remark 4. Based on the above results, we can see that when the auxiliary equation, such as the elliptic equation (12) , is applied to solve nonlinear evolution equations, the constraints must be involved, otherwise, the obtained solutions may be trivial.
The Second Kind of Transformation and Solutions to the DSG Equation
The second transformation under consideration is
which has been introduced in [7] to solve the DSG equation.
When the transformation (97) is considered, there are sinu = 2tan
Combining (98) and (99) with (2), the DSG equation can be rewritten as
We can see that the difference between (7) and (100) is that the −α in (7) is replaced by α in (100), so the solutions to (2) under the transformation (97) can be easily obtained by replacing α by −α and v by 1 v in solutions from u 1 to u 22 .
where k is an arbitrary constant. So the solution to the DSG equation (2) recovers u 4 .
Case 4. If
where k is an arbitrary constant. So the solution to the DSG equation (2) recovers u 3 .
ncξ .
cnξ .
(122)
Case 10.
dcξ .
Case 13.
Case 14.
ndξ .
dnξ .
with 2β
where k is an arbitrary constant. So the solution to the DSG equation (2) 
Remark. Most of the solutions from u 23 to u 42 in terms of Jacobian elliptic functions have not been given in the literature.
Conclusion
In this paper, two transformations are introduced to solve the double sine-Gordon equation by using knowledge of the elliptic equation and Jacobian elliptic functions. It is shown that different transformations can be used to obtain more kinds of solutions to the double sine-Gordon equation. In this paper, we have found some solutions that have not been reported in the literature. It is shown that different transformations play different roles in obtaining exact solutions, some transformations may not work for a specific parameter of the DSG equation. Of course, still more efforts are needed to explore what kinds of transformations are more suitable to solve the sine-Gordon equation. Because different transformations result in different partial balances for the sine-Gordon equation, which will lead to different expansion truncations in the elliptic equation expansion method. Finally, these will result in different solutions of the sine-Gordon equation.
